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QRUPDOO\ PD\ HQFRXQWHU OLPLWDWLRQV GXH WR YDULDWLRQV LQ WKH RSSRUWXQLWLHV IRU OHDUQLQJ 7RGD\ WKHUH H[LVWV
HYLGHQFHRIOHYHUDJHRIVNLOOEXLOGLQJIRUVRPHVSHFLILFOHDUQHUV6XFKILQGLQJVZHUHVXSSRUWHGLQ%RKHWDO
ZKRHPSKDVL]HGWKDWOHDUQHUVZLWKDSSURSULDWHOHDUQLQJVNLOOZLOOJDLQDVLJQLILFDQWOHDUQLQJDGYDQWDJH
VLQFHDGGLWLRQDOH[WHUQDONQRZOHGJHSURYLGHV H[WUDYDOXH ,Q WKHSUHVHQWZRUNZH WDNH DGLIIHUHQWGLUHFWLRQ




WKH VWUDWHJLF OHDUQLQJ VHDUFK SUREOHP E\ PDNLQJ VRPH DVVXPSWLRQV RQ WKH PRGHO SDUDPHWHUV DQG WKH
IXQFWLRQDOG\QDPLFRIWKHVNLOOEXLOGLQJHTXDWLRQ
0RGHOLQJ)UDPHZRUN
:HH[DPLQH WKHVWUDWHJLF OHDUQLQJVHDUFKSUREOHPE\EXLOGLQJDPDWKHPDWLFDO VWUXFWXUHRI LWV IXQFWLRQDO
IRUPZKLFKSURYLGHVDFOHDUXQGHUVWDQGLQJRILWVIXQGDPHQWDOFRQFHSWV7KHJRDOLVWRXVHRXUPRGHOLQDMRLQW





GHSHQGLQJ RQ WKH PDQDJHULDO DELOLW\ RI WKH LQGLYLGXDO :H DVVXPH WKHUH LV DQ LQLWLDO OHYHO RI FRUUHODWLRQ
EHWZHHQWKHDOORFDWLRQRIVNLOOHIIRUW Wν DQGWKHPLQLPXPVNLOODWWULEXWLRQ Wδ 7KHOHDUQHUKDVDQLQLWLDOVNLOO
G\QDPLF ( ) [ [= ZKLFK PD\ LQFUHDVH RYHU WLPH RU GHFUHDVH IURP QDWXUDO VNLOO GHSUHFLDWLRQ IURP VD\
DJHLQJ:HUHSUHVHQWWKHLQVWDQWDQHRXVVNLOOE\WKHYHFWRU ( ) W[ W [= DQGWKHDOORFDWLRQRIHIIRUWDWWLPH W E\
WKHYHFWRU  Wν≤ ≤ :HDVVXPHWKDWWKHLQLWLDOVNLOOOHDUQLQJUDWHRIDQLQGLYLGXDOOHDUQHULVSURSRUWLRQDO
WRWKHLQVWDQWDQHRXVHIIRUWGHSOR\HG%\WDNLQJWKHVNLOODWWULEXWHRIWKHOHDUQHUWREH  Wβ≤ ≤  WKHUDWHRI
FKDQJHRIVNLOOOHYHOVLVUHSUHVHQWHGE\DVWRFKDVWLFGLIIHUHQWLDOHTXDWLRQZLWKWLPHGHSHQGHQWSDUDPHWHUVDV

 ( ) ( )( ) ( ) ( )W W W[ [ [ GW [ G [ G1δ β α ν θ= + + + 

ZKHUH W1 LV WKH3RLVVRQGLVWULEXWLRQRIWKHOHDUQLQJVNLOOSURFHVVZLWKWKHPHDQUDWHRIDFTXLVLWLRQVHW WR
=λ IRU FRQYHQLHQFH 7KH SURFHVV ( )W W[δ δ= FDSWXUHV WKHPLQLPXP VNLOO DFTXLVLWLRQ UDWH RI WKH OHDUQHU
ZKLFKLVDUDWHRILQFUHDVHLQVNLOOZKHQWKHOHDUQHULVDIDVW OHDUQHURUDGHFUHDVHZKHQVORZDW WLPH W7KH
WHUP WG[ να  JLYHVWKHLQFUHDVHLQVNLOOEXLOGLQJUDWHRIWKHOHDUQHURQDVSHFLILFWDVNZLWKDOORFDWLRQ WY DW
WLPH W 7KXVWKHOHDUQLQJUDWHGHSHQGVXSRQWKHVNLOOOHYHORIWKHLQGLYLGXDO ( )[α YDULHVZLWK W[ DQGPD\
EHSRVLWLYHRUQHJDWLYHLQGLFDWLQJWKHUDWHRIVNLOOEXLOGLQJLQFUHDVHVRUGHFUHDVHVZLWKWKHHIIRUWH[HUWHGRQD
JLYHQ WDVN 7KH WHUP Wβ > LV WKH UDWH RI VNLOO DWWULEXWLRQZH PD\ H[SHFW WKH UDWH RI VNLOO DWWULEXWLRQ WR
LQFUHDVHRUGHFUHDVHZLWKWKHVNLOOOHYHODFFRUGLQJWRWKHWDVNDQGVRRXUPRGHOSUHVHQWVDQRYHOGHVFULSWLRQRI
VXFK FKDQJH LQ FRPSDULVRQZLWK WKH HDUOLHU PRGHOV RI 6KHVKLQVNL  DQG .LOOLQJVZRUWK  )RU DQ
LQGLYLGXDOZLWKLQLWLDOVNLOOOHYHO ( ) [ [= ZHIL[DWKUHVKROGYDOXH P ZKLFKPD\EHIUHHO\FKRVHQEXWLQ
UHDOZRUOGVLWXDWLRQVZHH[SHFW P WREHSURSRUWLRQDOWRWKHPHDQOHYHORI [ :HDOORZDVZLWFKDFWLRQRI
P+ LQ WKH XSSHU VHW ( )@PD[> W[ RI W[ DQG D VZLWFKRI P− LQ WKH ORZHU VHW ( ) >PLQ W[ RI W[ RYHU HDFK
JHQHUDWLRQRIWKHIRUWKFRPLQJDOJRULWKPWRFRQWUROVNLOOOHYHOJURZWK1RZZHGHVFULEHWKHPRGHODVSDUWRI
DQRSWLPL]DWLRQSUREOHPH[SODLQLQJKRZWRILQGDQRSWLPDODOORFDWLRQVNLOODQGPLQLPXPVNLOODWWULEXWLRQ
'HILQHWKHIXQFWLRQ ( )( ) WWW P[Y.) δ−−−=¦  UHSUHVHQWLQJWKHQHWYDOXHFUHDWHGE\WKHLQFUHDVH
LQVNLOOOHYHOPLQXVWKHPLQLPXPVNLOODWWULEXWLRQ7KHVWUDWHJLFOHDUQLQJVHDUFKSUREOHPLVGHILQHGDVILQGLQJ
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
WKH RSWLPDO δ ν VXFK WKDW WKH ILWQHVV IXQFWLRQ ) LV PD[LPL]HG VXEMHFW WR HTXDWLRQ  DQG VXFK WKDW( ) PY WW >+¦ δ LVVDWLVILHG7KHIXQFWLRQ)VXSSRVHV WKDW WKHHIIRUWRID³KLJKO\VNLOOHG´OHDUQHUVKRXOG
SURYLGH PRUH YDOXH WKDQ WKDW RI D OHDUQHUZLWK ³OHVV VNLOO´ +HUH ( )⋅. UHSUHVHQWV WKH IXQFWLRQDO YDOXH WKDW
PHDVXUHV WKH OHDUQHU RXWSXW EXW WKHRSWLPL]DWLRQSUREOHPPD\RQO\EH VROYHG LIZHGHILQH ( )⋅. LQ D FOHDU
IRUP7DNLQJ ( )⋅. WREHDTXDGUDWLFIRUPZHKDYH ( )( ) ( )( )  W W W W. [ P [ Pν ν− − ≈ − − $SSO\LQJWKH
GLVFUHWL]DWLRQ −−== WWW [[GWG[[ WKHSUREOHPLVWKHQVWDWHGDVIROORZV

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,QSXW7LPHSHULRG7QXPEHURILWHUDWLRQV/WKUHVKROGYDOXH P PXWDWLRQVL]H VP LQLWLDOOHDUQLQJVNLOO [ 
LQLWLDOVNLOOHIIRUW Y  LQLWLDOPLQLPXPVNLOODWWULEXWLRQ δ  UDWHRIVNLOODFTXLVLWLRQθ  UDWHRIVNLOOEXLOGLQJ
α UDWHRIVNLOODWWULEXWLRQ β ORZHUWKUHVKROG
−
τ XSSHUWKUHVKROG +τ PD[LPXPQXPEHURILWHUDWLRQV PD[J 

2XWSXW³2SWLPDO´VNLOOHIIRUW ν DQGPLQLPXPVNLOODWWULEXWLRQ δ 

   ←←←← J[[YY δδ 
 &DOFXODWHWKHLQLWLDOILWQHVVIXQFWLRQYDOXH)DFFRUGLQJWR
 'RZKLOH PD[JJ ≤ 
D 0XWDWHXQWLOFRQGLWLRQLLLVVDWLVILHG
L &KRRVH χ WREHRQHRIν RUδ DQGDQXPEHU [ ] 77X∈ 
LL &KRRVHXGLVWLQFWHOHPHQWV   Xμχμχμχ ! IURP χ 
LLL 7R HDFK  Lμχ FKRRVH D QXPEHU @> VV PPT −∈  ,I @> ∉+ TLμχ WKHQ
UHSHDWLLL
LY &RPSXWHWKHVXPRIFRQGLWLRQLL
E &RPSXWHH[SUHVVLRQLLHFRPSXWH [ 
F ,I ( ) [ ]+−∈ ττν PD[ WKHQ [[[ +← (OVHJRWRVWHSD
G &DOFXODWHWKHQHZILWQHVVIXQFWLRQYDOXH 
) DFFRUGLQJWR
H ,I )) >
 WKHQXSGDWHWKHFRUUHFW δν  ZLWK χ DQG 
)) ← 
I +← JJ 
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)LJ  D $ W\SLFDO ILWQHVV FXUYH JLYLQJ WKH YDOXH RI WKH ILWQHVV IXQFWLRQ RYHU  JHQHUDWLRQV RI WKH
DOJRULWKP2EVHUYHLWVTXDGUDWLFVKDSHDVPD\EHH[SHFWHGDOEHLWZLWKDVPDOOORFDOPD[LPXPDWDURXQG






)LJ  D 7\SLFDO PD[LPXP PHDQ DQG PLQLPXP HOHPHQWV IRU WKH YHFWRUδ RYHU  JHQHUDWLRQV $W
DURXQGJHQHUDWLRQ FI)LJD DOO WKUHHPHDVXUHPHQWV SODWHDX LQGLFDWLQJ VRPH NLQGRI RSWLPXPKDV
EHHQ UHDFKHG E 7\SLFDO PD[LPXP PHDQ DQG PLQLPXP HOHPHQWV IRU WKH YHFWRUν RYHU  DOJRULWKP
JHQHUDWLRQV$QDORJRXVO\WR)LJVDDQGDDOOPHDVXUHPHQWVSODWHDX


















 PP[W −∉ WKHQWKHUHLVQRPRUHLPSURYHPHQWLQOHDUQLQJVNLOO

3URSRVLWLRQ  :KHQ WKH OHDUQLQJ HIIHFW LV ODUJHU WKDQ WKH WKUHVKROG IURP WKH WRS RU OHVV WKDQ WZLFH WKH
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'LVFXVVLRQDQG&RQFOXVLRQ
,Q WKLVZRUNZH DUH SDUWLFXODUO\ LQWHUHVWHG LQ UHVHDUFKLQJ DQG DQDO\]LQJ WKH LPSDFW RI VWUDWHJLF OHDUQLQJ
EHQHILWV IURPDTXDQWLWDWLYHSHUVSHFWLYH7KH UHVXOWV DUHEDVHGRQDVSHFLILF IRUPRIVNLOO OHYHO G\QDPLFDO
SURFHVV DQG D ILWQHVV IXQFWLRQ GHVLJQHG WR PHHW WKDW SXUSRVH )XQGDPHQWDOO\ RXU UHVXOWV GHSHQG RQ WKH
TXDGUDWLFIRUPRIWKHILWQHVVIXQFWLRQ:HDQDO\]HGWKHVWUDWHJLFOHDUQLQJVHDUFKSUREOHPDQGIRXQGWKDWRYHU




$Q³RSWLPDO´VROXWLRQGHSHQGVXSRQ WKH LQLWLDOVNLOO OHYHORI LQGLYLGXDOVDQG WKHFKRLFHRISDUDPHWHUV ,I
WKHVNLOO OHYHOLV LQWKHUHTXLUHGWKUHVKROGERXQGDU\  WP [ P− ≤ ≤  WKHQWKHLQGLYLGXDOPD\VHDUFKIRUD
VWUDWHJLF OHDUQLQJVNLOOVROXWLRQRUDQRSWLPDOVROXWLRQ WR WKHSUREOHP,Q WKLVFRQWH[W WKHVWUDWHJLF OHDUQLQJ
VHDUFKSUREOHPEHFRPHVDWWUDFWLYH7KHOHDUQHUPXVW LQFUHDVHWKHLUVNLOO OHYHORYHUPDQ\WLPHSHULRGVVXFK
WLPH SHULRGVPD\ EH HVWLPDWHG EXW LQ WKLV SDSHUZH KDYH VNLSSHG VXFK D FDOFXODWLRQ:H FRXOG KDYH DOVR
DQDO\]HGWKHLPSDFWRIYDULRXVPRGHOSDUDPHWHUYDOXHVRQWKHVROXWLRQRIWKHVWUDWHJLFOHDUQLQJSUREOHPWKLV
ZDV DOVR LJQRUHG VR DV WR VLPSOLI\ WKH SUREOHP )LQDOO\ XVLQJ D TXDGUDWLF ILWQHVV IXQFWLRQ LQ WKH FXUUHQW
LQYHVWLJDWLRQZHZHUHDEOHWRUHDFKDORFDOPD[LPXPDIWHUDVPDOOQXPEHURIJHQHUDWLRQVVHHWKHFDSWLRQWR
)LJD$GLUHFWH[WHQVLRQRIWKHUHVHDUFKLVWRFRQVLGHUWKHYDULRXVFKDQJLQJFODVVHVRIVNLOOOHYHOVLQWKH
ILWQHVVIXQFWLRQDQGLQYHVWLJDWHKRZ LWZLOO LPSURYHRXUVROXWLRQV$WDEURDGHUOHYHO WKLV LQYHVWLJDWLRQPD\
DOVRPRWLYDWHLQWHUHVWLQJIXWXUHVWXGLHVWKDWIRFXVRQPRGHOLQJDQGHPSLULFDODQDO\VLVRIWKRVHQHZPRGHOV
$FNQRZOHGJHPHQWV





>@&RQORQ7-$ UHYLHZ RI LQIRUPDO OHDUQLQJ OLWHUDWXUH WKHRU\ DQG LPSOLFDWLRQV IRU SUDFWLFH LQGHYHORSLQJ
JOREDOSURIHVVLRQDOFRPSHWHQFH-(XURSHDQ,QGXVWULDO7UDLQLQJ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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